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Abstract

Theoretical considerations on convective heat transfer from isothermal upward conical surfaces have been presented.
The physical model of this phenomenon consists of an isothermal cone of inclination angle (¢) between the cone
generating line (X) and the radius (R) of the cone base. The angle is a parameter of conical surface which varied from
(¢ = 0—circular horizontal plate) to (¢ = n/2—vertical cylinder). On the basis of Navier—Stokes equations, assuming
the parabolic temperature profile in the boundary layer, the velocity profile tangent to the surface has been calculated.
Introduction of the mean velocity value in the boundary layer into the balance of energy and mass equations and
comparison with the Newton equation leads to the dependence describing the boundary layer thickness. Next the
relation of Nusselt and Rayleigh numbers, including a function expressing the influence of the inclination angle (¢) on
the heat transfer process, has been derived. The obtained solution describes the natural convective heat transfer process
for three characteristic cases of the conical surface.

For the boundary cases ¢ = ©/2 (vertical cylinder) and ¢ = 0 (circular upward facing horizontal plate), the solution
describing convective heat transfer intensity is

Nuy_y =0.668-Ray?, for¢ =mn/2 and Nuy_p=0.932-Ra)2, for¢ =0.
For the case (0 < ¢ < 1/2) (cones), the solution has the form
Nuy = 1.680-®"* - Ral/*

where (®) is a function of the inclination angle (¢) of the generating line of the conical surface to the base of radius (R).
© 1998 Elsevier Science Ltd. All rights reserved.

Nomenclature

a = //(c,p) thermal diffusivity

A cross-section area in boundary layer (3)

A, control surface on cone (4)

C coefficient in Nusselt—Rayleigh relation

Cy, C, constants in equations (18) and (19)

F=do/dx = do*/—dR* coefficient of boundary layer
shape (27)

h enthalpy

h1 thickness of copper—epoxy resin—copper laminate in
the second set-up

* Corresponding author. Fax: 0048 58 347 2410; e-mail:
wlew@altis.chem.pg.gda.pl

K constant (12)

m mass flux

Nu = aD/A = oR/A Nusselt number

Q heat flux

r, R radius, radius of the base cone

Ra = gfATR?/(va) Rayleigh number

T temperature

u function (16)

W velocity

x,y tangential and normal co-ordinates to the surface
X characteristic linear dimension, element of the cone,
height of cylinder.

Greek symbols
o heat transfer coefficient
0 thickness of boundary layer
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A conductivity of the fluid

A1 conductivity of epoxy—copper laminate

v kinematic viscosity

¢ inclination angle of the generating line of the conical
surface

® the function defined by equation (26).

1. Introduction

Results of experimental and theoretical investigations
of heat transfer from conical surfaces are not often pub-
lished as from spherical, flat or cylindrical—horizontal,
vertical and inclined surfaces, because these surfaces are
not widely used in technical applications. They are rep-
resented in civil engineering (towers), chemical industry
(tanks, bottoms and covers of tanks), electronics (tran-
sistors, resistors, diodes, lamps). It is still a problem to
calculate the intensity of heat transfer, especially free
convective heat transfer from conical surfaces.

Works, e.g. [1-6], concerning cones are not complete.

The aim of the work is a presentation of an exper-
imentally verified analytical solution describing the natu-
ral convective heat transfer from conical surfaces in the
full range of the inclination angle (¢) of the generating
line of the considered surface. The angle varies from
¢ = 0 (circular upward facing horizontal plate to ¢ = 7/2
(vertical cylinder).

2. The physical model

The physical model of the natural convection heat
transfer from conic shown in Fig. 1 is proposed as a

consequence of visualisation of this phenomenon, pre-
sented as an example in Fig. 9. The solution of the Four-
ier—Kirchhoff equation with typical simplifying assump-
tions in the form of the dependence of the temperature
profile in the boundary layer (1) after introduction into
the Navier—Stokes equations for an inclined boundary
layer has led to the relation of the local and next to the
mean value of the fluid velocity in a parallel direction to
an isothermal surface (2). The entire derivation is given
in the paper [7].
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The control surfaces (A4) for the mass flux of the fluid
and (d4,) for the heat flux in boundary layer above the
cone are as follows:

A=2mr6=21"0(R—xcos¢)
=2-mwdcosp(X—x) (3

dA, =27 r-dx=2'n(R—xcos¢) dx
=2'nwrcosp(X—x)-dx. (4

From the continuity equation of the mass flux inside
the boundary layer the value of the heat flux transported
in the fluid arise:

dQ = Ahdm = Cp(T_ T'n)mean d(p WYA) (5)

The mean value of the temperature difference within
the boundary layer is:

b)

d¢=0p
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Fig. 1. The physical model of convective heat transfer from conical surface.
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Introduction of equations (6), (2) and (3) to equation
(5) gives:

40 = 2npgPBc, cos p(AT)? d [53(1\/_ 9 <0(3 cos ¢

3v ox 72

sin ¢
+ 20 )} )

According to Newton’s law the heat stream transferred
from the control surface of the cone (d4,) is proportional
to both, the coefficient of heat transfer («) and the tem-
perature difference (AT):

20

dQ = «-AT-dd, = — 7 <;—}> AT+ 27 cos p(X —x) dx.
"Jy=0

®)

The dimensionless temperature gradient on the heating
surface can be derived from the temperature profile (1):

20 2
(@)= % <9>

Comparison of equations (7) and (8), after intro-
duction of equation (9) leads to:

pgﬁcpAT(Sd [(53(X—x) (65 cos ¢

6v ox 72

+ Sijo"s)} —(X—x)dx. (10)

To obtain the equation (10) in dimensionless form, the
following parameters have been introduced

0 X—x X
* _ * —1-=
ey X y Ty
00* cos¢ sing
P="oxr 7 g =™t
T,—T.)X?
Ro < I —T)X" (0
va
The result is written in the form of equation (12)
0* d(O*X*) 6 X 12)
X* dXx* =~ ®Ra (

Successive steps of the solution of equation (12) are as
follows:

0% [36%* do*
£ )

30% do* o

Y* dx* +F: —-K (14)
3 du u
gt ! (15)
where

o*4
U= (16)

The solution of the nonhomogeneous differential equa-
tion (15) can be obtained in the first step, as a solution
of the homogeneous equation:

3 du u
gaxs Ty an
in the form:
C
= (18)
Sy

and next, after introducing the constant of integration
(Cy = Cy(X™)), differentiation of equation (18) and intro-
ducing the result into equation (17) one obtains:
4 C,

— _ _Y*® -
w= X (19)

For the boundary condition X* = 1, u = 0(6 = 0) and
(C, = 4/7) the solution—dimensionless boundary layer
thickness—can be expressed as:

4(1-Xx%77)
y— =27

e (20)

and next, regarding introductions (12) and (16):

5* B 24 1/4 (] _X*7,r’3)l,r’4 21
—\7 @1"4'Ra1"'4'X*1"3‘ o2y

Based on the dimensionless boundary layer thickness
connected with the coefficient of heat transfer by
(o = 27/0) local and next the mean relation of Nusselt
and Rayleigh numbers can be evaluated:

14\'/4 X1/
Nuy=|—-] ———— " Ral*. (22)
3 (1 _X*7/3)1,/4

The projection of the cone side surface on the base
allows its transformation to circular surface. This facili-
tates the averaging of local values to the global ones.

Non-dimensional linear dimension built on the base of
the cone generating line is equivalent to the dimension
built on the base of the cone radius (X* = R*). This
results from relation (X* =cos¢ (X—x)/X =(R—
x-cos$)/R = R*). In a considered circular surface its
centre point is represented by (R* = 0) the diameter is
(R*=1).

As a result of such a transformation the averaging of
equation (22) gives:
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S

224 1/4 1 R*4,r’3
= (T) o4 Ra)l("‘ J de* (23)
o (1—R*"P)Y

1
Niiy = fJ Nuy2nR* dR*
)

The integral in equation (23) has a solution in the form
of elementary functions:

! R*413 4 14
———dR* = | (1 =R*"P)* | == (24)
o (1 —R*7"3)1’4 7 7

0
and therefore:
Niiy = 1.680Ray* ®'*. (25)
It has been assumed that the function in equation (11)

cos¢p sing
72 40

O=F =~ const (26)

has a constant value for a definite inclination angle (¢).
This assumption is valid when the coefficient (F), defining
the velocity of the boundary layer growth is averaging
along the direction of the boundary layer growth.

1 do*
F=_| — .. 2nR*dR*
SL,) —qge R

1 1
—2J R*do* = —2<[5*R*](‘,—j 5*dR*>
0 0

/4
. ;<%>l <[(1_R*7"3)1"4R*29’3](1)
®' Ral* \ 7

1 1_R>k7,"3 1/4
=R
o R¥IP

27215 L(1— R¥73)14
B o4 Ra{l\,’4 0 R*'3

dR*. 27)

The integral in equation (27), according to the
Czybyszew rule, has no solution in the form of elementary
functions, so the subintegral term is given as the Taylor
series

[3N1/4 A~ 1 /3 3 /
(17R*7’2)1 4 ~ 1*1R*7 37§R*14 3
7 /3 77 /
—ER*N z—mR*ZXB.... (28)

Introducing equation (28) into integral one obtains

1 3 7
_ 7R*2 _ 7R*l3,r’3 _ 7R*20,r’3
L (R*m 4 32 128

77 3
_ R * | 21 px2/3
Soas R ...>dR [2(1 R¥213)
1 9
(1 Rx3y_ T (1 _ R*16/3
12(1 R*) 512(1 R )
21
_ 1 — R¥23/3
2944( R )

(I—R*“’)..} = 1.3882. (29)

0

1T
"~ 20480

Introduction of the integral value (29) into equation
(27) gives:

F<Fcos ¢ sin ¢>““ _ 3.778 .
72 7 40 Ral*

(30)

For the two boundary cases (¢ = 0°)—circular upward
facing horizontal plate and (¢ = n/2)—vertical cylinder,
the transformation of equations (25), (26) and (30) leads
to:

Nuy_p = 0.932- Ra}> 1
for horizontal circular plate (Fig. 1c) (31)

Nuy_y = 0.668 Ral*,,
for vertical cylinder (Fig. 1b). (32)

The other cases of conical surfaces of inclination angle
(0 < ¢ < m/2) (Fig. la) need a solution of a set of two
equations (26) and (30) with the two unknown (F) and
(®). The results of such calculations performed for given
values of the Rayleigh number (Ray = 10°, 10%, 10°, 10°,
107 and 10%) are presented in Fig. 2.

The analytical solution presented above was obtained
with an assumption that both thermal and hydraulic
boundary layer thicknesses are of similar values (o1 & J;)
and that dissipative terms of the Navier—Stokes equations
were neglected. This means that the solution is valid
for Prandtl number (Pr ~ 1) and for laminator range
(Rayleigh number, Ra < 10%).

3. Experimental apparatus

The experimental studies were performed in two set-
ups using three fluids: dehydrated glycerine, distilled
water and air. The cross-section of the first set-up having
a tank of 0.5 m in diameter and 0.4 m in height is pre-
sented in Fig. 3. In this set-up designed and constructed
to carry out visualisation experiments of convective flow
structures of the fluid, five cones [¢ = 0 (horizontal
plate), ©/6, /4, ©/3 and 3 - =/8] were tested in glycerine.
The diameter of the base of these cones were constant
(D = 0.06 m).

The apparatus was also used to study the natural con-
vective heat transfer from an isothermal hemisphere and
complex surfaces and more details on this set-up and
about the procedure of estimation of heat fluxes (Q,u.),
(Qin) and (Q,,,) is published in the papers [8, 18].

The second apparatus shown in Fig. 4, was designed
to perform quantitative heat transfer experiments of high
accuracy for determination of the coefficient (o) +6.3%
(water) and +5.3% (air). Determination of the Nusselt
number was accomplished with an error of +6.6%
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Fig. 2. Dependence of angle (¢) and the Rayleigh number (Raz) on the boundary layer shape (F) and the function (®) in equation

(25).

D=0.5m

H=04m

Fig. 3. Cross-section of the set-up for measuring convective heat
transfer in glycerine.

(water) and +5.6% (air). For the Rayleigh number the

error values were +4.3% (water) and +2.1% (air).
The main part of it is a glass cuboidal tank of dimen-

sions: 0.5x0.5 m (the base) and 0.8 m of height. The

copper cones of the diameter (D = 0.1 m) and of angles
by the base (¢ = /3 and 5-7/12) were placed in the
tank. They were heated by means of an electric heater.
Thermocouples copper—constantan were used to measure
the temperature. The cone surface temperature (7,,) was
measured by three thermocouples placed inside so that
the welded measuring connections were exactly at the
cone side surface. Also three thermocouples measured
the fluid temperature in the undisturbed region (7..). The
temperature of both the cone surface and the undisturbed
region were calculated as the average value of all the
particular thermocouples.

The measuring plate of a special layer construction
consisted of two circular copper plates and of epoxy-resin
circular plate of a known thickness (21) and the heat
conduction coefficient (1) between them was used to
measure the back heat losses flux (Q),). The thermal
coefficient of conductivity for the laminate (copper—
epoxy-resin—copper) was experimentally determined at a
specially constructed stand. The relation describing the
thermal coefficient of conductivity [Al = f(T) was
obtained with an error of (A1 =0.2912+
0.021+(T,+ T,)/2) £2.5%]. Based on temperatures (77)
and (75) of two copper plates measured by thermocouples
placed inside the measuring plate the heat flux was cal-
culated as:

Q = U.I_Qlos (33)
where

n+D* A1
Qlob = TH(TI - TZ) (34)
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Fig. 4. Cross-section of the set-up for measuring convective heat transfer in water and air.

Investigations in the second set-up were carried out in
distilled water and in the air. In the last case the radiative
heat losses flux from the conical surface was also
regarded. In calculations the emissivity coefficient for
Polish copper was assumed.

4. Experimental results

Experimental results for glycerine recorded at the first
stand are presented in Fig. 5. Analytical solutions of
equations (25), (26) and (30) obtained for definite angles
(¢p) are marked by a solid line.

Experimental results obtained for a circular upward
facing horizontal plate were first approximated using the
least square method without giving the value of the
exponent (n). For comparison with literature data, the
approximative procedure was repeated, but this time for
a given value of the exponent (n = 1/5). Using the same
method and the value of the exponent (n = 1/4) it is
possible to compare all cases of (¢) in one diagram (Fig.
8). For the (¢ = 0) the following relations were obtained:

Nity_g = 0.934+ Ra%>** (6> = 0.995),
Nuy_p = 0973 Ra)® and

Nuy_p =0.549 - Ray*. (35)
The next results obtained have the form:

Nuy = 0.960- Ra%>'*(6> = 0.987) and
Nuy = 0.579* Ray* for¢ =mn/6 (36)

Nuy = 1.023* Ra$?'7 (6> = 0.997) and
Nu, = 0.641- Ray* for¢ =mn/4 (37)

Nuy = 0.990- Ra%*?7 (6> = 0.998) and
Nuy = 0.705- Ray* for¢ =n/3 (38)

Nuy = 0.929- Ra%**°(6* = 0.989) and
Nuy = 0.670° Ray* for ¢ =3-n/8. (39)

The experiments for glycerine as a tested fluid were
performed within the range of Rayleigh numbers;
3.5-10* < Ray < 3-107 and of Prandtl numbers;
256 < Pr < 1235.

Experimental results recorded at the second stand are
approximated by the following relations:

Nuy = 0.975- Ra%**$ (5% = 0.996) and

Nuy = 0.674* Ray* for ¢ = n/3 (water) (40)
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Fig. 5. Experimental results of convective heat transfer from conical surfaces obtained in the first set-up in glycerine.
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Fig. 5—continued.

Nuy = 1.008 - Ra%*'7(6* = 0.997) and
Nuy = 0.632° Ray* forp =mn/3 (air) (41)

Nuy = 0.979 Ra%**¢(6* = 0.990) and
Nuy = 0.748 Ray* for ¢ = 5-n/12 (water) (42)

Nuy = 0.987 Ra%***(6* = 0.995) and
Nuy = 0.635 Ray* for¢p =5-n/12 (air) (43)
and are illustrated in Fig. 6 for water and in Fig. 7 for
dlr’fhe appropriate range obtained for water was of:
3.8-10° < Ray < 9.3-10° and 5.89 < Pr < 6.95. For the

air the range is as follows: 5.1-10° < Ray < 1.4-107 and
0.697 < Pr < 0.702.

All experimental results are expressed in a form of
constant C in Nusselt-Rayleigh relations
C— Nuy

Ray/*
compared with our analytical solution equations (25),
(26) and (30) (solid line) and the solution of Stewart for
a vertical isothermal cone in conditions of high Prandtl
numbers (Pr — o0) or of Hering for low Prandtl numbers
equation (45) (dotted line for Pr = 100) given in [9] are
collected in Fig. 8.

(44
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Fig. 6. Experimental results of convective heat transfer from conical surfaces obtained in the second set-up in water.
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Fig. 7. Experimental results of convective heat transfer from conical surfaces obtained in the second set-up in air.
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Fig. 8. Comparison of experimental results with theoretical solution.
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Besides our own results (35)—(43), for extreme cases;
circular horizontal plate (z = 0) and vertical cylinder
(¢ = n/2), selected results of other authors are also pre-
sented in Fig. 8.

Nu, = 0.70° Ray* or
Nug = 0.589 Ray*, 2:10° < Ra, < 4-107,
round plate, ¢ =0 [10] (46)
Nu, = 0.711- Ra}/* or
Nug = 0.598- Ray*, Ra, <4-107,
water, glycerine, disk, ¢ =0 [11] 47)

(45)

Nuy = 0.726 * Ray}*,
2+10° < Ray < 4-10°%, (48)
water, ethylene glycerol, cylinder, ¢ =n/2 [12]

4 |: 7+ Gry Pr? }]"‘4

Nuw=315.00527- Pr)

4 (273+315-Pr\H
35\ 64+63-Pr /D’

solution, cylinder, ¢ = /2 [13] (49)
Nuy =059+ Rajf*, 10* < Ray, < 10°,

air, liquids, cylinder, ¢ =mn/2 [14] (50)
Nuy = 0.67* Rayj*, 107 < Ray, < 10°,
air,cylinder, ¢ =mn/2 [15]. (51)

The analysis of Fig. 8 indicates, that experimental
results differ from the theoretical solution by less than
15%. This, by 7% (the first stand) and 5% (the second
stand) method error, can be regarded as a positive result
of the experimental verification.

Some results of visualisation experiments performed in
glycerine at the first set-up are presented in Fig 9. The
visualisation method is described in [8, 11].

Results illustrated in Fig. 9 refer to cones of ¢ = /6,
¢ =1/4, ¢ = n/3 and ¢ = n/8 in the same conditions of
convective heat transfer given by the Rayleigh number
Ra =3.5-10°.

5. Conclusions

Analytical solutions obtained for vertical isothermal
cones, in contrary to solutions of other authors [9] are
more universal. They enclose, beside horns, also flat iso-
thermal circular surfaces and vertical cylinders. This solu-
tion for angle /6-n/2 is in agreement with the equation
given by Steward [17].

Experimental verification in glycerine, water and in the
air on two investigation stands, for cones of six various
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Fig. 9. Photographs of natural convection heat transfer from isothermal cone of the inclination angle: (a) ¢ = n/6; (b) ¢ = n/4; (c)
¢ = n/3; and (d) ¢ = 3-7n/8 performed in glycerine at the first set-up.
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inclination angles (¢) and for circular horizontal plates
confirmed the correctness of the solution obtained.
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